(t) is thought of as an approximation of x{t). The remainder in the approximation is (2) R[x] -x(t) -y(t).
In the conventional processes of smoothing or interpolation, L(s) is a function which vanishes for all \s\ sufficiently large. I. J. Schoenberg 2 has recently introduced a class of formulas (1), (2) in which L(s) is an analytic function and the series (1) does not consist of a finite number of terms. Schoenberg gives an elegant criterion for recognizing cases in which the approximating process is exact for polynomials of degree n -1; that is, cases in which R [x] = 0, for all t } whenever x(s) is a polynomial of degree # -l. 3 In the present paper we obtain an integral representation of such operations R [x] 
The name "moving average" is most appropriate to (3) when d 8 g(s -m, t) ~d 8 g{s, t-\-m) for all numbers m or for all integers m ; we do not require that g satisfy this condition. 
Assume that R[x] exists and vanishes, for all /£13, whenever x(s) is a polynomial of degree n -\ (n^ 1). Put

For each fixed s', R[\f/ 8 >] exists, since $,> is a truncated polynomial of degree n -1. Hence the function k(s', f)=R[\l/ 8 >] is defined for all s' and all /ET3. An alternative formula for k(s', t) is the following:
Ç 9 p(s,s')dg(s) Xs><t, f p(s, s f )dg(s) if s' è t, J 8t (4) +, = Ms) = \°, ,(5)
and elsewhere dg(s) is to be understood as an abbreviation for d s g(s, t). To establish (5), observe that, if s'^t, \[/,>(t)-0, and
by (4). The other part of (5) 
te®.
This relation is true because p(s, s') is a polynomial of degree n -1, for each 5'. As x (n_1) (5) is absolutely continuous, are majorized by /. Furthermore, by (6),
Suppose that x(s) is a function whose derivative of order n -\ exists and is absolutely continuous on every finite s-interval. Put
R* I = f dg(s) f p(s, s')x^(s'W, J -oo *J 0 [*] = f °°x^(s')k(s',t)ds', *GT3.
THEOREM. .4 necessary and sufficient condition that R[x] and R*[x] exist and be equal is that I exist and that the order of integration in I be
Now the last integral in (13) is majorized by J, and the middle integral is on a finite interval. Hence the integrals (12), (13) exist as Lebesgue-Stieltjes integrals. The sum of (13) and the two integrals (12) is precisely R* [x] , by (11). Note that, by (8), the integral (3) will exist as a Lebesgue-Stieltjes integral, in the present case, if it is true that (3) with x(s) a polynomial of degree n -1 exists as a Lebesgue-Stieltjes integral.
Anyone of the following conditions is sufficient to imply the finiteness of J.
(i) For each ^E'G, M(s', i) is absolutely integrable and x (n) (s') is essentially bounded, on -co <$' < oo.
(ii) For each /Ç^G, M(s', t) is essentially bounded and x (n) (s') is absolutely integrable, on -oo <s'< oo.
(iii) For each /£13, g{s, t) is constant for sufficiently large s and constant for sufficiently small 5.
In the particular case in which R [x] is of the form (1), (2) 
